ALLEN Final JEE-Main Exam January, 2024/27-01-2024/Evening Session ‘

OVERSEAS
FINAL JEE-MAIN EXAMINATION - JANUARY, 2024
(Held On Saturday 27t January, 2024) TIME:3:00PM to 6: 00 PM
SECTION-A
o YA ‘ Sol. f:(0.2)>R: f(x)=2+2
1. Considering only the principal values of inverse 2 X
trigonometric functions, the number of positive f/(x) = 1 2
real values of x satisfying tan™'(x) +tan™'(2x) :% - f(x) is decreasing in domain.
is: fAX)
(1) More than 2
21
(3)2 2
40 .
Ans. (2 : s X
ns. (2) 5
Sol. tan*1x+tan*12x:f;x>0 « 2
4 —+— 0O<x<1

909=15 *

-1 _E_ -1
= tan 2x—4 tan E+x l<x<2

Taking tan both sides g(x)
= 2X= 1=x
1+Xx 5
2
= 2x*+3x-1=0
_3+9+8 -3+\17 0 1 2
8 8 3. Let the image of the point (1, 0, 7) in the line
, ~3+417 x_y-1_z-2
Only possible x - <O 1~ 7 " 3 be the point (o, B, y). Then
2. Consider the function f:(0,2) — R defined by which one of the following points lies on the line

27
assing through (o, B, v) and making angles —
f(x)=§+§ and the function g(x) defined by passing gh (o, B, 1) g angles —

3n . . . .
min{f(t)}, O<t<xand 0<x<1 and T with y-axis and z-axis respectively and an
9(x) = 3 X, l<x<?2 - Then acute angle with x-axis ?
2
(1) (1-21++2)
(1) g is continuous but not differentiable at x = 1
(2) g is not continuous for all x € (0,2) (2) (1 21— )
(3) g s neither continuous nor differentiable at x = 1 (3) (3 43-22 )
(4) g is continuous and differentiable for all x € (0, 2)
(4) (3 ~4,3+22 )

Ans. (1) *
ns.
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Sol X -1 z-2 N 4. Let R be the interior region between the lines
ol. ==
1 2 3 3x—-y+1=0 and x+2y-5=0 containing the
1P(1.0,7) origin. The set of all values of a, for which the
points (a>, a + 1) lie in R, is :
() (—3,—1)u[—§,1j
[ — .
EM bad [y A A
: b=1+2j+3k (2) (=3,0) U(gvlj
HQ(apy) 3) (=3,0) U[%’lj

M\, 1+ 2, 2 +3)

. . : i @) (-3 —1)u(1,1j
PM = (L—1)i + 1+ 20) j+ (3L - 5)k 3

PM is perpendicular to line L, Ans. (2) i

S B Sol. P(a%a+ 1)

PMb=0  (b=1+2]+3k) Li=3x-y+1=0
=>A-1+4A+2+90-15=0 Origin and P lies same side w.r.t. L,

—1L,(0).Li(P)>0

14h=14=)r=1
L 3@)—(@+)+1>0
~M=(135) y
Q=2M-P [M is midpoint of P&Q]
Q=2i+6j+10k—i—7K
X

2 oa o 0|(0,0

Q=i+6j+3k 00
L,: x+2y-5=0
~(ouB,7) = (16,3
Ly 3x—y+1=
Required line having direction cosine (/, m, n) 1 3xyH=0
=3a"—a>0
I?+m?+n?=1 1
1Y 1Y ae(—oo,O)u(g,ooj ................ )
=35 +(——j +(——] =1
2 2 LetL,:x+2y—-5=0

1 Origin and P lies same side w.r.t. L,
2==

4 = L,00).L,(P)>0

1 , _ =a’+2(@+1)-5<0
.1 ==[Line make acute angle with x-axis]
2 = a?+2a-3<0

Equation of line passing through (1, 6, 3) will be = (@a+3)(a-)<0

A oA A s 1 - ae(-31)....cceennnn. 2
f:(i+6j+3k)+u(1i—lj—ikj <3 @

2 2 \/E Intersection of (1) and (2)
Option (3) satisfying for = 4 ac(-3,0) u(} 1)
1) 3!
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Ans.

Sol.

Ans.

The 20™ term from the end of the progression

20,191,181,173....,—129l is :-
4 2 4 4

(1)-118
2)-110
(3)-115
(4) -100
3)

20,191,181,173 ...... ,—1291
4 2 4 4

This is also A.P. a= —129% and d =%

Required term =

1 3
~1297 + (20—1)(Zj

=—129—1+15—§=—115
4 4
-1 -5
Let f:R—{?}—)R and g:R—{;}%R be
defined as f(x)= 2X+3 and g(x) = [x]+1 Then
2x+1 2X+5

the domain of the function fog is :

5
x4

@R

7
® R_{_Z}

5 7
M)R—{—5—Z}

()
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Sol.

Ans.

Sol.
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f(x)= 2x+3 X # 1

2x+1 2
| x]+1 5
2X+5 2
Domain of f(g(x))

29(x)+3
2g(x)+1

5 | x|+1 1
X#——and ——#——
2 2X+5 2

g =D X2 —2

f9(x) =

XeR—{—g} and XeR

.. Domain will be R — {—g}

For 0 < a < 1, the value of the integral

T dx :
[
vl—2acosx+a

TCZ

m+a’

(1

TCZ

n—a’

)

T
1-a?

3)

T
1+a?

“)
©))

I jd—xz O<ax<l
yl—2acosx+a

]5 dx
o 1+2acosx +a’

21— ZT 2(1+a?)
(L+a?)? —4acos? x

0

" 2(1+a?).sec?x

~J (1+a?)%.sec? x — 4a’

" 2.(1+a?).sec?x
=I1=

) @+a?)ltan?x + (1-a?)?
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2 3+asinx+pcosx+log (1-x
v Z5OX g 0. 1 limor XX +P 9079 1 e
— = _[ 1+a . x>0 3tan? x 3
0 tanzx+(1_a2] 20—f is equal to :
2
2 [x, @)7
C(1-a%) |2 3)5
|__T 1
1-a? Ans. (3)
x _3+asinx+Bcosx+log (1-x) 1
8. Let g(x)=3f(§)+f(3—x) and '(x)>0 for all | S0l lim 3tan’ x 3
. . . x2 x4 x2 X3
xe(0,3). If g is decreasing in (0, o) and ; 3+‘{X‘j+---}+ﬁ{l‘§+ﬂ--} (‘X—j‘g-j 1
=1m 3 =—
increasing in (o, 3), then 8a is o Stan"x 3
_ 1 By
(1)24 B )
2)0 x>0 3x? tan’x 3
(3) 18 1 p
4) 20 D)
) —B+3-0, q~1=0and —2 21
Ans. (3) 3 3
X =p=-3a=1
Sol. g(x)=3f| = |[+f(3—x) and f"(x) >0V x € (0, 3)
3 =20-p=2+3=5
= f'(x) is increasing function 10. If o, P are the roots of the equation, X? —x—1=0
g'(X)=3X%.f'(§J—f’(3—X) and Sn 22023(1 +2024B ,then
) 2812 :Sll+SlO
! X !
=f (5)4 (3-x) (2)S,=S,+S,
If g is decreasing in (0, o) () 25, =5, +S,
g'(x) <0 4)S,=S,+S,
Ans. (2
f'(ij—f'(s—xko ns. (2)
3 Sol. x*>-x-1=0

X
f'l = |<f'(3—x
(3) (3-x)
:>§<3—x
3
9
=S X< =
4

Therefore a = g
4
9

Then 801=8><Z=18
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Sn =2023a" +2024p3"

S +S ,=2023a"" +2024p"" + 202302 + 20248" 2
= 20230"2[1+ o] + 2024 [1+ ]
=2023a"2[0?]+ 2024B™2[B%]

= 2023a." +2024"

Sn—l +Sn—2 = Sn

Putn=12

Sll + SlO = SlZ
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11.

Ans.

Sol.

12.

Ans.

Let A and B be two finite sets with m and n
elements respectively. The total number of subsets
of the set A is 56 more than the total number of
subsets of B. Then the distance of the point P(m, n)
from the point Q(-2, -3) is

(1) 10

(26

(3)4

48

@

2" -2" =56

2"(2™" 1) =227

2"=2%and 2™"-1=7

=n=3and 2"" =8

=n=3and m-n=3

=n=3and m=6

P(6,3) and Q(-2, -3)

PQ=1/82 +62 = /100 =10

Hence option (1) is correct

The values of o, for which

1 a+—

2

o+ % =0, lie in the interval

WliFkrN|w

1
200+3 3o0+1 O

M2,
(2)(=3,0)

33
) [‘5*5]
4) (0, 3)
2)
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Sol.

13.

Ans.

Sol.

14.

Ans.

1 0L+E
2

1 oc+1=0

20+3 3o+1 0

wlFkrN|w

= (2a+3){%}—(3a+1){%7} =0
= (20L+3).%x+ (3o +1)% =0

=20%+30+3a+1=0
=20?+60+1=0

o3t N~
B

Hence option (2) is correct.
An urn contains 6 white and 9 black balls. Two
successive draws of 4 balls are made without
replacement. The probability, that the first draw
gives all white balls and the second draw gives all
black balls, is :

5 5
(1) 256 (2) 715
3 3
3) TS 4) 256
3
Gc4 Qc4 3

B~ ‘T~ - oiE
c, Uc, 715

Hence option (3) is correct.

8 _ 2
The integral (= xT)x 1 is
(X2 +3x° +1) tanltx3 + 3)
X
equal to :
13
(1) log, tanl(x3+i3j +C
X
2
(2) log tan‘{x%%j +C
¢ X
(3) log tan‘{xﬂ%) +C
€ X
3
(4) log tan‘l[x3+i3j +C
¢ X
@
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Sol.

15.

Ans.
Sol.
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x& —x2

dx
(x*? +3x°% +1) tanl(x3 +13j
X

-

Let tanl(x3 +%} =t
X
1

3
1+(x +-5

3

= 3x2 ——4jdx=dt
X

X
- X8 3x5 —
x24+3x8+1° x4

Y LETTTING
t 3

3
tan‘{x3 +i3j
X

1/3
tan‘l(x3 + ij
X3

+C
Hence option (1) is correct

If 2tan?0—5secO=1 has exactly 7 solutions in

3dx:dt

Izlln +C
3

I=In

the interval [O,n—zn}, for the least value of ne N

then Zz—kk is equal to :

k=1

1 14 _
(1) o5 (27 -14)

1 s _
(@) 555 (2°-15)

15
(3) 1‘@

1
4) ?(214 -15)
4
2tan?0—-5sec0—-1=0

= 2sec?0-5sec0-3=0
= (2secO+1)(sec6-3)=0

:>sec(9:—l,3
2
:>cos@=—2,1
3
:cosez1
3
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Ans.

Sol.
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For 7 solutionsn=13
13

k
So, Z? =S (say)

k=1
g_1,2 3 13
18—1 1 12 13
22T

s 117w 13 1) 13
2721w T e

The position vectors of the vertices A, B and C of a

triangle are 2i - 3] +3k , 2i + 2] +3k  and

“i+ ] +3K respectively. Let / denotes the length of
the angle bisector AD of /BAC where D is on the

line segment BC, then 2/* equals :
(1) 49
(2) 42
(3) 50
(4) 45
4)
AB=5
AC=5
A(2,-3,3)

B C
(22,3) P -1, 1, 3)

.. D is midpoint of BC

s
2'2
.-.|=\/(2-%) {_3_;) +(3-3)
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17.

Ans.

Sol.

If y = y(x) is the solution curve of the differential
equation (x?—4)dy—(y?>-3y)dx =0,

X>2,y(4)=§ and the slope of the curve is never
zero, then the value of y(10) equals :
3
) —2
) 1+(8)"*
3
) 2
@ 1+2\/§
3
3) 2
3) N
3
4y — 2
( ) 1_(8)114
ey
(x? —4)dy —(y* —3y)dx =0
dy ¢ dx
:Iy2—3y_jx2—4
ley—-(y-3) dx
= dy =
Iy(y—3) Y Ix2—4
== (In|y 3|—In|y|)_—InX 2l ¢
X+2
:llny—_?’zilnx—2+c
3 4 |x+2
At x=4,y=—
c_lms
4
) D S —| n@)
3 y 4 +2
Atx=10
1
—I =—In +=In(3
‘ 2 @)

nY= 3‘ In2%4 vX>2d—y<o
y dx

as y(4)=g:>ye(0,3)

~y+3=8"y
8
1+8%

y:
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18. Let e; be the eccentricity of the hyperbola
2 2
I—G _y? =1 and e, be the eccentricity of the ellipse
X2 y2
— +=5=1, a > b, which passes through the foci
a’ b?
of the hyperbola. If e;e; = 1, then the length of the
chord of the ellipse parallel to the x-axis and
passing through (0, 2) is :
(1) 45
2) —— \/_
10
3) —— \/_
@) 3J§
Ans. (3)
X2 y? 5
Sol. H:—--—=1 e =—
16 9 L4
nee =l=e=—
Also, ellipse is passing through (£5,0)
S.ca=5andb=3
2 2
E: ~ + y _ 1
25 9
Q P
y O 2 N
(5%/%5,0)
End point of chord are [Jr%, 2]
., 105
- Lpo —T
41! 5N1
19. Leta= ( )3, and = ( )4, . Then :
(41)” (59"
(1) aoe N and B£N
(2) a€Nand BeN
(3) aeNandBeN
(4) a.€N and B£N
ns. (3)
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Sol.

20.

Ans.

Sol.
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GOSN CL
(4H* GH*

oy O o (120)!
St sy

Let 24 distinct objects are divided into 6 groups of
4 objects in each group.
24!

No. of ways of formation of group = W eN
Similarly,
Let 120 distinct objects are divided into 24 groups
of 5 objects in each group.
No. of ways of formation of groups
(120)! c
(51%.24!
Let the position vectors of the vertices A, B and C

of a triangle be 2€+2]+IA<, €+2]+2IA( and

2i+]+2f< respectively. Let /;, l, and /5 be the

lengths of perpendiculars drawn from the ortho
center of the triangle on the sides AB, BC and CA

respectively, then |12 + |22 + |32 equals :

1 1
(D c (2) 3

1 1
3) 1 4) 3
)

AABC is equilateral
Orthocentre and centroid will be same

o555
333

A2 2, 1)

B ' C
(1,.2,2) 2 1,2)

Mid-point of AB is D(g, 2, gj

1 1 1
= ==t
1 V36 9 36

1

1
. 2 2 2 _
..€1+€2+£3_E
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21.

Ans.

Sol.
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SECTION-B
The mean and standard deviation of 15
observations were found to be 12 and 3

respectively. On rechecking it was found that an
observation was read as 10 in place of 12. If p and

o” denote the mean and variance of the correct
observations respectively, then 15(u+pu?+c?) is
equalto ........oeeiiiiiininn.

(2521)

Let the incorrect mean be p' and standard

deviation be ¢’

We have

! i

W=""1-12=5%x =180
15 i

As per given information correct £x = 180-10+12

182
= u (correct mean) = T3

Also

X 2
o' = 15' —144=3:>ZXi2=2295

Correct TX 2 =2295 - 100 + 144 = 2339

2339 182x182

o (correct variance) =
15 15x15

Required value

=15(u+p? +c?)

182 182x182 2339 182x182
=15 —+ + -

15 15x15 15 15x15
o182, 2339

15 15
=2521
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22,

Ans.

Sol.

23.

Ans.

Sol.

If the area of the region
{(x,y):0<y<min{2x,6x —x?}} is A, then 12 A
isequalto..................

(304)
We have

y

(0,9)

(0.8)

)
\
\

—\60
O GO 0\ 7

6
A=£x4x8+J‘(6x—x2)dx
2 4

I
3

12A =304

Let A be a 2 x 2 real matrix and I be the identity
matrix of order 2. If the roots of the equation

|A—xI|=0 be —1 and 3, then the sum of the
diagonal elements of the matrix A®is...............
(10)

|A—xI=0

Roots are —1 and 3

Sum of roots = tr(A) = 2

Product of roots = |A| = -3

a b
Let A—[C d}

Wehavea+d =2

ad —bc=-3
Az_|d b .la b|_ a’+bc ab+hbd
c d||c d ac+cd bc+d?

We need a® +bc+bc+d?

ALLEN
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24.

Ans.

Sol.

25.

Ans.
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=a’+2bc+d?

=(a+d)*—2ad +2bc

=4—2(ad—hc)

=4-2(-3)

=4+6

=10

If the sum of squares of all real values of a, for
which the lines 2x —y+3=0,6x +3y+1=0and
ox + 2y =2 = 0 do not form a triangle is p, then the

greatest integer less than or equal topis .........
(32)

2X-y+3=0

6Xx+3y+1=0

oaxX+2y—-2=0

Will not form a A if ax+2y—-2=0 is concurrent
with 2Xx-y+3=0 and 6x+3y+1=0 or parallel

to either of them so

Case-1: Concurrent lines

2 -1 3 A
6 3 1|=0=o0==
o 2 -2 S

Case-2 : Parallel lines

_g:__Gor_gzz
2 3 2

=a=4o0ra=-4

P =16+16+E
25
[P] :{32+E} =32
25

2012

The coefficient of x in the expansion of

(1—X)?8(14x +x2)?7 is equal to

()
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Sol. (1-x)(1— X)2007 A+X+ X2)2007
(1—X)(L— x3)207

(L-X)("C, =7 C (X%) +..v0n)

General term

(1_ X)((_l)r 2007 Crx3r)

(_1)r2007 Crx3r _ (_1)r2007 Crx3r+1

3r=2012

2012
¢ [
3

3r+1=2012
3r=2011

2011
i [
3

. .« . 2012
Hence there is no term containing x 2,

So coefficient of x**'2 =0

26. If the solution curve, of the differential equation

dy x+y-
dx X—y

2
tan‘l(y—_lj—llog a+(y—_1j =log |x-1],
x-1) B °¢ x-1 F

then 58 + o is equal to

2 passing through the point (2, 1) is

Ans. (11)
Sol. d_y = X+—y_2
dx X—y

x=X+hy=Y+k

dY X+Y

dX X-Y

h+k-2=0
h—k—0 h=k=1
Y =vX

dv  1+v
+—="=
dX 1-v dX

1-v dXx
dv=—
1+Vv2 X

tan‘lv—%ln(1+ v3) =In|X]|+C

As curve is passing through (2, 1)

tan™ y-1 ——In 14 Y2 Ly =In|x-1|
x-1) 2 x-1

so=land =2

—58+a=11

27.  Let f(X)= Jg(t)log( Jdt where g is a

continuous odd function.

/2 2
If J. (f(x) X COSXJdXz(Ej —a, then a is
+e* o

-2

equal to.............

Ans. (2)

T 1-t
Sol. f(x)= ! g(t)ln(mjdt
N 1-t
f(—x) = {g(t)ln(m)dt
0= g<_y)|nﬁj_§]dy

=—jg(y>ln[ y]dy (g is 0dd)

f(—x)=—f(x) =T is also odd

Now,
/2
= | [f(x) X COSXjolx (1)
—n/2
2 x2e* oS X
j f-x)+———ldx . 2)
—n/2 +e
/2 /2
21 = j X2 cos X dx=2jx2cosxdx
—m/2 0
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28.

Ans.

Sol.

29.

Ans.

/2
. 12 .
|=(X28Inx)z - I 2x sin xdx
0

2 /2

:%—2(—xcosx+fcosxdx)o

m? w2 Y
T 04n=" 2T 22
4 4 2

so=2

Consider a circle (Xx—o)?+(y—B)*=50, where
o,pB > 0. If the circle touches the line y + x = 0 at
the point P, whose distance from the origin is 42

,then (a.+P)? isequal to................

(100)

x+y=0

S:(x—a)?+(y—B)*> =50
CP=r

o+

V2
= (o +p)* =100

=52

The lines X~ ===
2

X+3 y+2 z+2
4 3

intersect at the point P. If the

x+1 y-1 z-1.

distance of P from the line 3 1 is /,

then 14/ is equal to.................

(108)
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Sol.

30.

Ans.

Sol.

X-2 'y

— zﬂzx
1 -1 8

X+3 y+2 z+2
4 3 1

=A+2=4k-3
—A=3k-2
=k=11r=-1
BL+7=k-2
~P=11-)

k

P(1,1,-1)

LLT) —> 2i+3j+k

Projection of 2i— 2k on 2i+3]+|2 is
_4-2 2
J4+9+1 14

~1p g2 108
14 14

=141 =108

1 .
Let the complex numbers o and — lie on the
a

circles |2-2 =4 and |z-z o [?=16 respectively,

where z =1+i. Then, the value of 100| o 2

= (a-2,)@~2,)=4

— p— _— 2_
= a0 -0z, —z0+|z ['=4
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(i)

= -0z )(1-0z,)=16|a|’

= 1-0z, —oz +|af|z [=16]a [
= 1-0z -0z, =14| ol )

From (1) and (2)

=5|al=1

—100| o P=20
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